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Wormlike micellar surfactant solutions are encountered in a wide variety of important applications,
including enhanced oil recovery and ink-jet printing, in which the fluids are subjected to high
extensional strain rates. In this contribution we present an experimental investigation of the flow of
a model wormlike micellar solution (cetyl pyridinium chloride and sodium salicylate in deionised water)
in a well-defined stagnation point extensional flow field generated within a microfluidic cross-slot
device. We use micro-particle image velocimetry (m-PIV) and full-field birefringence microscopy
coupled with macroscopic measurements of the bulk pressure drop to make a quantitative
characterization of the fluid’s rheological response over a wide range of deformation rates. The flow
field in the micromachined cross-slot is first characterized for viscous flow of a Newtonian fluid, and
m-PIV measurements show the flow field remains symmetric and stable up to moderately high Reynolds
number, Re z 20, and nominal strain rate, _3nom z 635 s1. By contrast, in the viscoelastic micellar
solution the flow field remains symmetric only for low values of the strain rate such that _3nom # lM
1,
where lM ¼ 2.5 s is the Maxwell relaxation time of the fluid. In this stable flow regime the fluid displays
a localized and elongated birefringent strand extending along the outflow streamline from the
stagnation point, and estimates of the apparent extensional viscosity can be obtained using the stress-
optical rule and from the total pressure drop measured across the cross-slot channel. For moderate
deformation rates (_3nom $ lM
1) the flow remains steady, but becomes increasingly asymmetric with
increasing flow rate, eventually achieving a steady state of complete anti-symmetry characterized by
a dividing streamline and birefringent strand connecting diagonally opposite corners of the cross-slot.
Eventually, as the nominal imposed deformation rate is increased further, the asymmetric divided flow
becomes time dependent. These purely elastic instabilities are reminiscent of those observed in cross-
slot flows of polymer solutions, but seem to be strongly influenced by the effects of shear localization of
the micellar fluid within the microchannels and around the re-entrant corners of the cross-slot.
1. Introduction
Wormlike micelles are elongated semi-flexible aggregates result-
ing from the self-assembly of amphiphilic molecules in solu-
tion.1,2 In the semi-dilute and concentrated regimes, wormlike
micellar solutions are entangled and exhibit viscoelasticity in
a way similar to polymer solutions, with a typical relaxation time
(l) on the order of milliseconds to seconds.3–6 However,
a significant difference between wormlike micelles and conven-
tional polymers with covalently bonded back-bone chains is their
ability to break and reform dynamically, allowing stress relaxa-
tion to occur through mechanisms additional to reptation,3–6 and
allowing the rheological properties of the solutions to recover
subsequent to degradation in strong flows. The resulting unique
properties of such fluids have led to their use in a wide range of
applications in household and industrial fluids.7,8 Wormlike
micellar solutions are becoming increasingly important in jetting
and spraying applications,9–11 turbulent drag reduction,12,13
enhanced oil recovery14–16 and the formulation of many
consumer products (e.g. paints, cosmetics, detergents) in which
particle suspension/sedimentation and/or rise of air bubbles is
a concern.17,18 Such processes involve complex flow fields with
strongly extensional components, which can cause large and
rapid deformation of the fluid microstructure. The resulting
stretching and alignment of micelles leads to a range of poorly
understood phenomena including flow-induced chain scission
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and structure formation,19–22 and elastic instabilities.23,24 A
comprehensive recent review of strong extensional flows of
wormlike micellar solutions, with a particular emphasis on
industrial applications and viscoelastic flow instabilities, has
been provided by Rothstein.25
Extensional flows of wormlike micellar solutions involve the
convergence of two fundamental concepts underlying our
understanding of viscoelastic flows: flow-inducedmicrostructural
modifications26 and purely elastic flow instabilities.27,28 Recent
studies on flows of polymer solutions have largely focussed on
elastic instabilities,27,28 while studies on wormlike micelles have
concentrated on the phenomenon of shear banding.26,29 For
a comprehensive discussion of these phenomena we refer to
a number of excellent recent reviews on the subjects.26,28,30Herewe
focus on reviewing the background to extensional flows of
wormlike micellar solutions and we present our motivations for
investigating elastic instabilities in such flows.
Early measurements of the uniaxial extensional rheology of a
variety of micelle forming surfactant/counterion systems in the
commercial Rheometrics RFX opposed jets device showed an
increase in the extensional viscosity of the fluids as the flow
rate was increased beyond a critical value.31–34 The critical flow
rate broadly corresponded to an extensional strain rate, _3, on
the order of 1/l, where l is the fluid relaxation time, such that
the critical Weissenberg number,Wi ¼ _3l  1. In addition, flow-
induced birefringence observations,32 and especially light scat-
tering measurements,34 on the flowing fluids showed a clear cor-
respondence between the extensional viscosity and the degree of
micellar orientation and radius of gyration. These observations
were consistent with a micellar coil-stretch transition, as
originally predicted by De Gennes35 for high molecular weight
flexible polymers, which has been demonstrated convincingly in
extensional flow studies with dilute solutions of flexible poly-
mers.36–39 Moreover, a reduction in the extensional viscosity of
the wormlike micellar solutions above a second, higher crit-
ical Weissenberg number, corresponded to a reduction in the
radius of gyration of micelles, possibly indicating their flow-
induced fracture.34 This same second criticalWi also marked the
onset of a flow instability32 similar to the birefringent ‘flare’
observed in semidilute polymer solutions,38 and likely led to the
disruption of the well-defined stagnation point between
the jets.33
Recent work by Stone et al.40 used flow in a cross-slot geom-
etry, coupled with fluorescence microscopy, to directly visualize
the dynamics of individual wormlike micelles formed from
a diblock copolymer of poly(ethylene oxide) and polybutadiene.
Cross-slot geometries consist of orthogonal bisecting channels
with opposing inlets and outlets, such that a planar extensional
flow is generated along the in-flowing and out-flowing symmetry
plane, with a stagnation point at the centre of the cross.41 The
results with wormlike micelles were highly reminiscent of similar
experiments performed using fluorescently labelled DNA.36,39
Micelles were shown to stretch above flow rates corresponding to
a critical Wi  1, reaching highly extended configurations after
sufficient time in the extensional flow field. Higher values of Wi
resulted in more affine deformation of micelles with the
surrounding fluid, although such conditions also resulted in an
increased occurrence of micelles becoming trapped in metastable
kinked and folded conformations.
One of the motivations for our present work stems from the
recent study by Arratia et al.,42 using microfluidic cross-slots with
dilute polymer solutions to demonstrate a new type of purely
elastic flow instability. Such microscale devices only require small
volumes of test fluid and low volume flow rates but can achieve
significant extensional strain rates and Weissenberg numbers.
The combination of small length scale and correspondingly low
characteristic velocities results in a vanishing Reynolds number
(Re) meaning that inertial effects can usually be neglected in such
devices.43 Arratia et al.42 used an elastic solution of a flexible high
molecular weight polyacrylamide, to show that beyond a critical
Weissenberg number, Wi z 4.5, the flow field in the cross-slots
became spatially asymmetric while remaining steady in time. The
asymmetry intensified as a function of Wi, indicating a super-
critical pitchfork bifurcation.27 At higher Wi > 12.5 the asym-
metric flow became unsteady and time-dependent. All the
experiments were conducted at Re < 102. The main features of
the experiment were captured in subsequent simulations by Poole
et al.,44 using the upper-convected Maxwell (UCM) model, and
more recently by Rocha et al. with a finitely extensible nonlinear
elastic (FENE) dumbbell model.45 However, the instability
mechanism is still a matter of debate. While Poole et al. advo-
cated a macroscopic mechanism based on the compressive
incoming kinematics,44 Xi et al. proposed an essentially micro-
scopic mechanism, where the instability is dominated by the
physics at the stagnation point.46 Elastic instabilities in polymer
solutions have demonstrable practical applications. They have
been utilized in the design of microfluidic analogues of electronic
circuit elements, such as resistors and bistable flip-flops,47 and
diodes or valves,48 and also have potential for efficient, low Re
mixing applications.42,49
The recent work of Pathak and Hudson23 used a cross-slot
geometry to perform a detailed quantitative study of the flow-
induced birefringence in two entangled wormlike micellar solu-
tions. One was an aqueous solution of 100 mM cetylpyridinium
chloride (CPyCl)/60 mM sodium salicylate (NaSal) and the other
an aqueous solution of 30 mM cetyltrimethylammonium
bromide (CTAB)/240 mM NaSal. In both solutions intense and
sharply-peaked bands of birefringence were observed around the
stagnation point for Wi > 0.5. In the CTAB/NaSal solution the
birefringence decayed exponentially along the outflow axis of the
cross-slot with a characteristic decay time similar to the fluid
relaxation time. At higherWi > 1 a flow bifurcation was observed
similar to that reported by Arratia et al. for a semi-dilute polymer
solution.42 Also consistent with Arratia et al., the bifurcation
became unstable and time dependent at much higher Wi.
However, while the bifurcation in the CTAB solution showed the
characteristic square-root dependence on Wi near the critical
value (as also shown by polymer solutions42,44), the bifurcation in
the CPyCl solution showed a different, and unexplained, scaling.
In the present study we focus our attention on the cross-slot flow
of a 100 mM CPyCl/60 mM NaSal solution similar to that previ-
ously studied by Pathak and Hudson,23 but we present more
detailed experimental results obtained over a much wider range of
Wi. We also use a cross-slot of much smaller characteristic
dimension, to definitively obviate inertial effects. Our cross-slot has
a deep cross-section to generate approximately 2D flow, so that
extension-induced birefringence at the stagnation point dominates
that induced by shear along the walls. We present detailed
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velocimetry measurements made over the same range ofWi as our
birefringence measurements, and we couple these full-field data
with bulk pressure drop measurements across the cross-slots to
perform extensional viscometry. In Section 2 we provide details of
the test cell geometry, its fabrication and our experimental
methods. We also characterize the test fluid using cone-and-plate
viscometry, microfluidic shear rheometry and capillary break-up
extensional rheometry (CaBER). In Section 3, to fully characterize
the kinematics generated by our microfluidic cross-slot design, we
provide a detailed description of Newtonian flow in the test cell and
compare the experimental results with numerical expectations. We
then proceed to present detailed experimental results obtained with
the wormlike micellar test fluid, which we discuss in the context of
purely elastic instabilities.
2. Experimental
2.1. Cross-slot fabrication and geometry
An optical micrograph of the cross-slot geometry used in the
study is shown in Fig. 1a. We define the x and y axes as
shown in the figure, with the stagnation point (marked by the
blue ‘x’ at the centre of the cross) taken as the origin of coor-
dinates and the z-axis normal to the plane of the page. The slots
have a width ofw¼ 0.2mm, and a depth in the z-direction of d¼ 1
mm, providing an aspect ratio a ¼ d/w ¼ 5 and hence a quasi-2D
flow. The length of the channels is l ¼ 1.2 mm. In all the results
presented herein the inflow and outflow directions are as marked
in Fig.1a.
The cross-slots were cut through a 2 cm diameter disc of 316
stainless steel using wire electrical discharge machining (wire-
EDM), which results in highly parallel, non-tapering walls and
a smooth surface finish; features which are essential for
producing a stable, symmetric flow. To create enclosed rectan-
gular flow channels allowing optical access to the region near the
stagnation point, 2 mm thick soda glass windows were glued to
the front and rear surfaces of the stainless steel disc (see Fig. 1b).
The glass windows were annealed overnight at 300 C to remove
residual optical anisotropies that could interfere with flow-
induced birefringence measurements. The rear window had four
holes drilled through ultrasonically, to allow the flow of fluid
into/out of the cross-slot. Finally, the stainless steel/glass sand-
wich assembly was glued onto a monolithic stainless steel back-
plate, which made connections to the external plumbing and flow
system, Fig. 1c. All bonds were made using silicone aquarium
adhesive. Following the assembly of the cross-slots, the total
depth of the flow cell (i.e. the gap between the inside surfaces of the
glass windows) was measured using a confocal laser micrometre,
providing an accurate value of d ¼ 1050  10 mm. Thus, the
thickness of the adhesive layer on either surface wasz25 5 mm.
The same cross-slots have been used in a number of previous
studies with a range of complex fluids in which an oscillatory
extensional flow system was utilized.50–53 However, in the present
study we use the continuous flow-through system illustrated in
Fig. 2. The reasons for this are: (a) entangled wormlike micellar
fluids can take considerable time to settle to ’steady-state’’ flow
conditions, which can only be achieved in the oscillatory flow
system for very low imposed flow rates, and (b) here we are
interested in studying (possibly time-dependent) elastic
instabilities with a time scale that is unknown a priori and this
would be complicated if we imposed an oscillating flow field.
The continuous flow was generated using a Harvard PHD-
Ultra syringe pump. The flow from the syringe (1) was split into
two channels to provide the opposing inlet flow to the cross-slot
(3). The two outlets were connected together so that they would
be at the same pressure as each other and thus not lead to an
unbalanced flow. One of the inlet channels was fitted with a GE
Druck 5 psi gauge pressure transmitter (2) to measure the pres-
sure drop across the flow cell (assuming the outlet remains at
atmospheric pressure). Effluent was ejected to a Petri dish (5) and
subsequently discarded to waste.
Fig. 1 (a) Micrograph of cross-slot, cut from 1 mm thick stainless steel
by wire electrical discharge machining (wire-EDM). (b) Exploded sche-
matic illustration of cross-slot flow-cell showing (1) glass front window,
(2) stainless-steel cross-slot, (3) glass rear window with holes to permit
fluid flow, (4) stainless steel flow-cell mount with four pipe connections to
the flow system and a central ‘‘thru’’ hole to allow optical access to the
stagnation point. (c) Illustration of cross-slot flow-cell, assembled using
silicone adhesive.
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2.2. Extensional rates and dimensionless groups
The Harvard PHD-Ultra syringe pump was used to deliver
volume flow rates over the range 0.1 mL min1 # Q # 500
mL min1. This provided nominal extension rates at the stagna-
tion point of 0.04 s1 # _3nom # 200 s
1, calculated according to:
_3nom ¼ Q
w2d
(1)
This definition of _3nom is based on the assumption that fluid at
the stagnation point accelerates at a constant rate from zero up
to the superficial flow velocity (U ¼ Q/2wd) at the slot entrance,
a distance w/2 from the stagnation point. This is likely to be
reasonable only if the flow is plug-like within the channels. The
validity of this assumption will be investigated by using flow
velocimetry to directly measure the flow velocity between the
channel entrances and experimentally determine the strain rate
for both Newtonian and non-Newtonian fluids.
The Reynolds number for this flow-rate driven experiment is
calculated using Re ¼ rUDh/h( _g), where Dh ¼ 2wd/(w + d) is the
hydraulic diameter, rz 1 g cm3 is the fluid density, and h( _g) is
the shear rate dependent shear viscosity determined from cone-
and-plate measurements (see Section 2.2). Within the cross-slot,
assuming an ideal planar extensional flow, u ¼ [_3nomx,_3nomy,0]
the appropriate value of the characteristic shear rate
is _g ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
2
IIð _gÞ
r
¼ 2_3nom, where II( _g) is the second invariant of
the shear rate tensor _g¼ Vu + VuT. For the range of volume flow
rates investigated we obtain a range of 108 # Re # 0.16.
We use the Weissenberg number (Wi) to characterize elastic
effects near the stagnation point. Here Wi is defined as the ratio
of fluid relaxation time (l) to characteristic flow time (1/_3nom). We
use a relaxation time lM ¼ 2.5 s, determined from the linear
viscoelasticity measurements described in Section 2.3, and the
nominal value for the strain rate, _3nom, to evaluateWi ¼ _3nomlM,
which spans an experimental range of values 0.1 # Wi # 500.
The elasticity number (El) is defined as El ¼ Wi/Re and
provides a measure of the relative importance of elastic and
inertial effects in the flow field. In the present work we span the
range 2600 # El # 108, indicating that elastic effects always
dominate over inertial effects. Thus, our experimental geometry
and test fluid permits us to examine stagnation point extensional
flow effects in the almost complete absence of inertia.
2.3. Test fluid preparation and rheological characterization
The test fluid used in this study was an aqueous solution of 100
mMCPyCl and 60 mMNaSal dissolved in deionised water. Both
the CPyCl and the NaSal were supplied by Alfa Aesar. This
particular surfactant/counterion system has been discussed at
length by Rehage and Hoffman4,54 and has previously been
studied in microfluidic shear55 and cross-slot extensional flows.23
The CPyCl and NaSal powders were weighed and added to the
appropriate volume of deionised water. The mixture was stirred
vigorously for three days and then left to equilibrate at room
temperature in dry, unlit conditions for a further ten days before
any experiments were conducted.
The storage and loss moduli, G0(u) and G00(u) of the test fluid
were measured at 22 C (close to ambient laboratory temperature
at which cross-slot experiments were performed) using a TA
Instruments AR-G2 stress-controlled rheometer with a stainless
steel 40 mm diameter 2 cone-and-plate. The results are pre-
sented in Fig. 3a, and have been fitted with a single mode
Maxwell model, given in eqn (2):1
G0ðuÞ ¼ G0ðlMuÞ
2
1þ ðlMuÞ2
; G00ðuÞ ¼ G0lMu
1þ ðlMuÞ2
: (2)
From the fit to the data, values for theMaxwell relaxation time
(lM ¼ 2.5 s) and plateau modulus (G0 ¼ 32 Pa) were obtained.
Following the methods described by Turner and Cates56 we also
Fig. 2 Illustration of flow loop showing (1) stainless-steel syringe (driven
by Harvard PHD-Ultra syringe pump), (2) Druck 5 psi gauge pressure
sensor, (3) cross-slot flow-cell, (4) needle valves, (5) Petri dish to receive
effluent.
Fig. 3 Shear rheology of the 100 mMCPyCl/60 mMNaSal test fluid: (a)
linear viscoelastic properties fitted with a single-modeMaxwell model. (b)
Steady shear viscosity measured using cone-and-plate and m-VROC
micro-capillary rheometry and fitted with a Carreau-Yasuda model.
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estimate the characteristic micellar breakage time (lbreak¼ 1.25 s)
and reptation time (lrep ¼ 5 s).
Fig. 3b shows the steady shear rheology of the test fluid. For
shear rates _g < 20 s1 this data was measured using the AR-G2
cone-and-plate in the same configuration as previously
described. To access higher shear rates, up to _g z 104 s1,
a Rheosense m-VROC microfluidic rheometer was used.55,57
There is a good overlap between the data obtained by the two
techniques. For _g < 101 s1 the fluid displays pseudo-Newtonian
behaviour with an essentially invariant viscosity, h0 z 85 Pa.s.
Above _gz 101 s1 there is a pronounced stress plateau (splateau
 15 Pa), which is indicative of shear banding.26,58,59 The stress
plateau spans three decades of shear rate, during which the shear
viscosity thins with a power-law index of nz 0, i.e. hf _g1. For
_g > 500 s1 the shear stress begins to increase again with shear
rate, according to sf _g0.54. In general these measurements are in
excellent agreement with those made by previous authors with
the same fluid.55,59,60 The steady shear rheology is well described
by the Carreau–Yasuda model61 (shown by the solid grey lines of
Fig. 3b):
h ¼ hN + (h0  hN)[1 + ( _g/ _g*)a](n1)/a (3)
where hN is the infinite-shear-rate viscosity (¼0.0085 Pa.s), h0 is
the zero-shear-rate viscosity (¼85 Pa.s), _g* is the characteristic
shear rate for the onset of shear-thinning (¼0.15 s1), n is the
‘‘power-law exponent’’ (¼0.02) and a is a dimensionless fitting
parameter (¼2.5) that influences the speed of the transition from
constant shear viscosity to the power-law region. We note that
this generalized Newtonian fluid (GNF) model accurately
describes the shear-thinning behaviour, but does not account for
viscoelasticity, therefore its applicability is restricted. Neverthe-
less, as will be shown, this simple model can be used to predict
fully developed velocity profiles, for conditions where visco-
elastic memory effects are not dominant.
2.4. CaBER extensional rheometry
To characterize the relaxation time and extensional viscosity of
the 100 mM CPyCl/60 mM NaSal test fluid in an extensional
flow, capillary breakup extensional rheometry (CaBER)
was used.62,63 The device holds a discrete volume of fluid
between parallel plates of diameter D0 ¼ 6 mm and initial
separation L0 ¼ 1 mm (initial aspect ratio L0 ¼ L0/D0 ¼ 0.167).
At time ti ¼ 1 s the top endplate was displaced upwards
following an exponential profile L(t) ¼ L0e_30t to achieve a final
plate separation of Lf ¼ 8 mm at time t ¼ 0 s (final aspect ratio
Lf ¼ Lf/D0 ¼ 1.33). A relatively low stretching rate _30 ¼ ln 8 s1
was used because at higher rates the fluid thread tended to snap
or to detach from one or other of the endplates, or elastic peeling
instabilities were observed.64 The evolution of the liquid filament
diameter (D(t)) was monitored at the midplane between the
endplates (i.e. at L ¼ Lf/2) using a laser micrometre. The
dynamics of the liquid bridge thinning and breakup process were
also recorded at 60 frames per second using a 6 megapixel CCD
camera (Casio Exilim EX-F1), at a resolution of 7 mm/pixel.
The filament diameter (normalized by D0) as a function of time
(normalized by the breakup time, tc) for three individual CaBER
experiments is shown in Fig. 4a along with snapshots of the
filament profile corresponding to one of the three experiments.
The breakup times for the experiments were tc¼ 25 s, 21 s and 21
s. For a model viscoelastic fluid in the elasto-capillary thinning
regime the filament midplane diameter should decay exponen-
tially as D(t) f exp(t/3lCaBER),65 where lCaBER is the fluid
relaxation time. Values of lCaBER determined from the three
experiments shown in Fig. 4a were: 2.30 s, 1.83 s and 1.93 s,
giving a mean value (one standard deviation) of lCaBER ¼ 2.02
 0.25 s, close to lM, as expected for this final aspect ratio, Lf ¼
1.33.63
The transient extensional strain rate _3(t) in the thinning fluid
filament can be determined from the rate of decay of the filament
diameter according to _3(t) ¼ (2/D(t)).(dD(t)/dt).62,65 This can be
integrated with respect to time to give the instantaneous accu-
mulated Hencky strain, 3ðtÞ ¼
ðt
0
_3dt ¼ 2 lnD0=DðtÞ. Assuming
elastic forces in the thinning fluid filament balance surface
tension forces, the apparent transient extensional viscosity hE(t)
of the fluid can also be determined from the measurement ofD(t)
according to hE(t)z gLV/(dD(t)/dt),65 where gLV is the surface
tension, taken to be 32 mN m1, as reported by Akers and Bel-
monte.66 In Fig. 4b we show the measured Trouton ratio, Tr ¼
hE(t)/h0, as a function of the Hencky strain determined from the
data in Fig. 4a. The Trouton ratio increases up to a value of Trz
40 at high strains, well above the Newtonian limit of Tr ¼ 3,
showing that the fluid is quite significantly strain hardening in
a transient extensional flow.
Fig. 4 Capillary breakup extensional rheometry (CaBER) of the
100 mM CPyCl/60 mM NaSal test fluid. (a) Filament diameter as
a function of time. (b) Trouton ratio as a function of Hencky strain. The
initial and final aspect ratios of the CaBER were L0 ¼ 0.167 and Lf ¼
1.33, respectively.
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2.5. Micro-particle image velocimetry
Micro-particle image velocimetry (m-PIV) was performed on test
fluid seeded with 1.1 mm diameter fluorescent tracer particles
(Nile Red, Molecular Probes, Invitrogen; Ex/Em: 520/580 nm; cp
z 0.02 wt.%). The imaging system consisted of a 1.4 megapixel,
frame-straddling CCD camera (TSI Instruments, PIV-Cam) and
an inverted microscope (Nikon Eclipse TE 2000-S). A 10 0.25
NA objective was used to focus on the mid-plane of the cross-slot
flow cell. The resulting measurement depth (dzm) over which
microparticles contribute to the determination of the velocity
field is dzmz 50 mm,
67 or5% of the depth of the flow cell, d. The
fluid was illuminated by a double-pulsed 532 nm Nd:YAG laser
with pulse width dt ¼ 5 ns. The fluorescent seed particles absorb
the laser light and emit at a higher frequency. The laser light is
filtered out with a G-2A epifluorescent filter, so that only the
fluorescing particles are seen by the CCD array. Images were
captured in pairs with a time separation (1.2 ms < Dt < 60 000 ms)
chosen to achieve an average particle displacement of 4 pixels,
optimal for subsequent analysis. Image pairs were captured at
a rate of approximately four pairs per second. The standard
cross-correlation PIV algorithm (TSI insight software), with
interrogation areas of 16  16 pixels and Nyquist criterion, was
used to analyze each image pair. For steady flows, twenty image
pairs were captured and ensemble-averaged in order to obtain
full-field velocity maps in the vicinity of the stagnation point. For
unsteady flows only five successive image pairs were averaged.
2.6. Birefringence measurement
Measurements of flow-induced birefringence in complex fluids
can provide a measure of the segmental anisotropy of macro-
molecules as they deform in a flow field. In systems where the
macromolecular parameters are well known and defined, such
measurements can be compared with models in order to estimate
the degree of accumulated macromolecular strain.68 Over
a limited range of molecular deformations, many systems of
flexible macromolecules obey the stress-optical rule (SOR),
which states that the magnitude of the birefringence (Dn) is
directly proportional to the principal stress difference (Ds ¼ sxx
 syy):69
Dn ¼ CDs (4)
where the constant of proportionality, C, is called the stress-
optical coefficient. In this case, by measuringDn at the stagnation
point, a value for the apparent extensional viscosity can be
estimated in the cross-slot using hE,app¼ Ds/_3nom. The value of C
for the 100 mM CPyCl/60 mM NaSal system has been deter-
mined by Ober et al.55 to be C ¼ 1.1  107 Pa1, in close
agreement with the value reported by Hu and Lips70 with
a similar system. In their cross-slot extensional flow experiments,
Pathak and Hudson23 reported that the SOR remained valid for
100 mM CPyCl/60 mM NaSal up to Wiz 0.8.
We measured the spatial distribution of flow-induced bire-
fringence in the vicinity of the stagnation point using an ABRIO
birefringence microscope system (CRi, Inc.), which has been
described in detail by Shribak and Oldenbourg71 and in
a previous publication by Ober et al.55 Briefly, the cross-slot flow
cell was placed on the imaging stage of an inverted microscope
(Nikon Eclipse TE 2000-S). Using a 20 0.5 NA objective, first
the bottom surface and then the top surface of the 1 mm deep
flow cell were brought into focus in order to precisely determine
the position of the mid-plane of the flow cell, which was subse-
quently used as the measurement plane. The ABRIO system
passes circularly polarized monochromatic light (wavelength 546
nm) first through the sample, then through a liquid crystal
compensator optic and finally onto a CCD array. Optical
anisotropy in the fluid can be viewed in real-time on a PC
monitor. When an image is captured the CCD records five
individual frames with the liquid crystal compensator configured
in a specific polarization state for each frame. Using data pro-
cessing algorithms described by Shribak and Oldenbourg,71 the
ABRIO software converts the five individual frames into a single
full-field map of retardation and orientation angle. The system
can measure the retardation (R) to a nominal accuracy of 0.02
nm, and has an excellent spatial resolution (projected pixel size
0.5 mm with a 20 objective lens). The relationship between
retardation and birefringence is given by R ¼ dDn, where d is the
depth of the flow cell.
2.7. Pressure drop and viscometry
The pressure difference arising from viscous flow in the cross-slot
geometry is measured across an inlet and an outlet channel using
a Druck 5 psi pressure sensor, labelled (2) in Fig. 2. By closing the
two needle valves, labelled (4), the pressure drop can be measured
for steady viscous flow of fluid around a corner of the cross-slot
(DPshear) enabling an estimate of the shear viscosity of the fluid,
h. Assuming Poiseuille flow in a rectangular channel of total
length 2l and neglecting perturbations arising from the presence
of the corner of the cross,72 the wall shear rate ( _gwall) and shear
stress (swall) can be found from eqn (5) and (6), respectively,
assuming a 2D flow:
_gwall ¼
6Q
w2d
(5)
swall ¼ DPshear
2l
w
2
(6)
The shear viscosity (h) follows:
h ¼ swall
_gwall
K (7)
where K is a correction factor to account for the finite depth of
the channel, given by:73
K ¼ 1 192w
p5d
XN
i¼1;3;5;:::
tanhðipd=2wÞ
i5
(8)
leading to a correction factor K z 0.88, illustrating that
assuming a 2D flow approximation results in approximately 12%
error for the current channel aspect ratio. Eqn (6) can be easily
generalized for a rectangular channel, resulting
in swall ¼ DPshear
2l
w
2
d
wþ d. Therefore the 2D flow approxima-
tion leads to an error of 16% in swall (in excess) and consequently
we can estimate an error of 4% (also in excess) in the value of _gwall
predicted for Newtonian fluids assuming a 2D flow
approximation.
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To improve the accuracy of this measurement for non-New-
tonian fluids the Weissenberg–Rabinowitsch–Mooney correc-
tion can be applied to determine the true wall shear rate in the
channel:57
_gwall;true ¼
_gwall
3

2þ d ln _gwall
d lnswall

(9)
However, although such an approach can give a good
approximation to the shear viscosity of complex fluids when
applied to steady flow around a corner,50 h can be determined
more reliably using conventional (i.e. cone-and-plate) rheolog-
ical methods, or by using a rectilinear microchannel flow such as
the m-VROC, see Section 2.3. The main reason for measuring
DPshear in situ within the cross-slot geometry is so that it can be
subtracted from the pressure drop measured with the two needle
valves open (DPtotal). This allows determination of the excess
pressure drop (DPexcess) due to the extensional component in the
flow-field. Assuming DPexcess f Ds, where Ds is the extensional
stress in the elongating fluid elements, we can obtain a measure of
the apparent extensional viscosity of the fluid:
hE;app

_3nom

z
DPexces
_3nom
¼ DPtotal  DPshear
_3nom
(10)
The Trouton ratio of the fluid is then calculated according to
Tr(_3nom) ¼ hE,app(_3nom)/h( _g), where h( _g) is the measured value of
the shear viscosity (from cone-and-plate data) and the appropriate
value of _g in the cross-slot is taken to be _g ¼ 2_3nom, assuming ideal
planar elongation. The expected Trouton ratio for Newtonian
fluids undergoing planar elongational flow is Tr ¼ 4.74
2.8. Numerical method
In addition to the experimental measurements, 3D-simulations
of the steady viscous flow in the cross-slot were performed to
serve as a reference for validation in the Newtonian fluid flow
case. We use a computational fluid dynamics code based on the
finite volume methodology (FVM)75,76 to solve the equations of
conservation of mass and momentum assuming isothermal,
incompressible flow:
V$u ¼ 0 (11)
r
"
vu
vt
þ ðu$VÞu
#
¼ Vpþ V$s (12)
where r is the density of the fluid, t is the time, u is the velocity
vector, p is the pressure and s is the extra-stress tensor, which in
the case of Newtonian, or GNF, fluids is given as:
s ¼ ss ¼ h(Vu + VuT) (13)
where h is the shear viscosity of the fluid. The numerical code
used here was developed to work with a number of viscoelastic
rheological models, and therefore the constitutive equation, even
for the case of a Newtonian fluid flow, is solved separately from
the momentum equation, despite being explicit in the Newtonian
case. This separation of the equations has been used extensively
with Newtonian fluid flows75–78 and it has been shown to have no
impact on the calculations except for the additional memory used
to allocate the extra-stress tensor.75,76
In the present formulation, calculations are performed using
a fully-implicit, time-marching pressure-correction algorithm in
which the resulting algebraic equations relate the dependent
variables, evaluated at the centre of the control volumes (CV)
forming the computational mesh, to the values in the nearby
surrounding CV. For the discretization of the equations, central
differences are used for the diffusive terms, and the CUBISTA
high-resolution scheme79 is used to discretize the advective terms
of the momentum equation. An implicit first-order Euler scheme
is used for the time derivative discretization, but under steady
flow conditions this term vanishes and therefore, the numerical
method has second-order accuracy in steady flow simulations.
The characteristics of the geometry and the physical properties
of the fluid used in the numerical calculations were selected to
match those measured experimentally. Furthermore, the meshes
used to map the computational domain are block-structured,
orthogonal and non-uniform, with minimum cell sizes dxmin ¼
dymin ¼ dzmin ¼ 0.04 w. Computations with a more refined mesh
(dxmin ¼ dymin ¼ dzmin ¼ 0.02 w) led to similar results (maximum
variation below 1% in the velocity profiles), therefore the accu-
racy of the numerical simulations is high. In terms of boundary
conditions, we impose no-slip conditions at the walls, constant
velocity profiles at the inlet, and vanishing stream wise gradients
at the outlets for all computed variables, except for pressure
which is linearly extrapolated from the two adjacent upstream
cells.
3. Results and discussion
3.1. Experimental validation: Newtonian flow in the cross-slot
microchannel
3.1.1. Flow velocimetry. Before conducting experiments with
the complex wormlike micellar fluid, which we believe likely to
exhibit elastic flow instabilities at low Re,23 it is important to
confirm the symmetry and stability of the flow field in the
Newtonian case. Accordingly, m-PIV experiments were per-
formed in the microfluidic cross-slot geometry over a wide range
of flow rates using water as a representative Newtonian working
fluid. The results are summarized in Fig. 5, including comparison
with numerical simulations.
In Fig. 5a we show an example of the velocity field in the cross-
slot geometry for the flow of water at a volumetric flow rate of
1600 mL min1, or Re z 20, which is more than two orders of
magnitude greater than the highest Re reached in subsequent
experiments with CPyCl solution. Qualitatively, the Newtonian
flow field displays a high degree of symmetry about the x and y
axes, with the stagnation point located at the origin of coordi-
nates in the centre of the cross. Velocity profiles taken across the
inlet and outlet channels (vx vs. y, vy vs. x) at various distances up
and down stream from the stagnation point closely match the
parabolic numerical solution for Poiseuille flow of a Newtonian
fluid in a rectangular channel at this volume flow rate (Fig. 5b).
Experimental velocity profiles taken along the x and y axes (vx vs.
x, vy vs. y) are shown in Fig. 5c, together with the corresponding
numerical predictions, confirming the symmetry of the velocity
field around the stagnation point at the centre of the geometry.
Differentiating the curves in Fig. 5c gives the centre-line strain
rate as a function of position shown in Fig. 5d. Here the vertical
This journal is ª The Royal Society of Chemistry 2011 Soft Matter
D
ow
nl
oa
de
d 
by
 M
as
sa
ch
us
et
ts 
In
sti
tu
te
 o
f T
ec
hn
ol
og
y 
on
 3
1 
O
ct
ob
er
 2
01
1
Pu
bl
ish
ed
 o
n 
31
 O
ct
ob
er
 2
01
1 
on
 h
ttp
://
pu
bs
.rs
c.
or
g 
| do
i:1
0.1
039
/C1
SM
064
94K
View Online
dotted lines represent the position of the channel entrances at x,
y ¼ 100 mm and the horizontal dashed line shows the value of
the nominal strain rate at this volume flow rate, calculated using
eqn (1). We observe a compressive strain rate along the inbound
stagnation point streamline and an essentially equal and opposite
extensional strain rate along the outbound streamline. The
extension rate has a maximum value at the stagnation point and,
within noise, decays to zero within approximately 100 mm inside
the channel entrance. Again, the experimental data closely match
the numerical solutions for Newtonian flow. The peak extension
rate at the stagnation point is significantly higher than the
expected nominal value. Fig. 5e shows the flow velocity along the
outbound stagnation point streamline, measured over a range of
volume flow rates. The inset of Fig. 5e shows detail of the flow
velocity profile over a distance of approximately 50 mm either
side of the stagnation point. Over this distance the strain rate (_3)
is approximately constant, as shown by the straight-line fits to
the data, the gradient of which give an average value for h_3i.
Fig. 5f shows h_3i (measured as described) as a function of the
expected nominal value, _3nom, from eqn (1). We find that the
measured strain rate near the stagnation point varies linearly
with the flow rate, but is higher than _3nom by a constant factor of
1.7. This is consistent with the parabolic velocity profiles across
the channels, which exhibit a maximum value of approximately
1.7U at the channel centre-line, and also agrees very well with the
numerical simulations.
3.1.2. Pressure drop and viscometry. Due to the very low
Trouton ratio of Newtonian fluids it is not viable to accurately
isolate an excess pressure drop in extensional flow in our cross-
slot device. The apparent extensional viscosity of Newtonian
fluids therefore appears to be below the experimental noise floor
Fig. 5 (a) Velocity field in the vicinity of the stagnation point for water flowing atQ¼ 1600 mLmin1 (U¼ 63.5 mms1, _3nom¼ 635 s1,Rez 20), colour
scale in ms1. (b) Parabolic velocity profiles across inlet and outlet channels, under the same conditions as (a), showing close agreement with the
numerical solution for a Newtonian fluid. (c) Streamwise flow velocity as a function of position along the symmetry axes of the cross-slot under the same
conditions as (a). (d) Strain-rate as a function of position along the symmetry axes of the cross-slot, determined by differentiating the data in (c). The
dotted lines represent the channel entrances and the dashed line shows the nominal strain rate. (e) Velocity as a function of position along outflow
symmetry axis (y¼ 0 mm) for a range ofQ values (inset shows linear fits to the data between x0.05 mm, from which the strain rate is determined). (f)
Measured and predicted variation in the strain-rate as a function of nominal strain rate for water in the cross-slot.
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in these initial calibration experiments. However, the pressure
sensor was tested by measuring DPshear and finding a value for
the solvent viscocity, hS, for water using eqn (5)–(7). Fig. 6a
shows the pressure measured as a function of time as the flow rate
was incremented from 0 mL min1 up to 5000 mL min1 in ten
steps of four second intervals. The rise time to steady pressure at
each increment in flow rate is virtually instantaneous (dt < 250
ms), and when the flow stops at the end of the test the pressure
quickly returns to the baseline level. At each incremental flow
rate, the plateau pressure drop data can be averaged and plotted
as a function of superficial flow velocity, U. As shown in Fig. 6b,
for U < 0.15 ms1 the pressure drop increases linearly and with
a similar gradient to that expected based on the viscosity of water
at the ambient laboratory temperature (22  1 C). The wall
stress according to eqn (5) is plotted against the wall shear rate
according to eqn (6) in the inset of Fig. 6b. The gradient of
a straight-line fit through the origin gives a value of hS ¼ 0.90 
0.02 mPa.s, in reasonable agreement with the value of hS ¼ 0.97
mPa.s obtained from the numerical simulations and hS ¼ 0.955
mPa.s obtained from published tables.80
3.2. Flow of 100 mM CPyCl/60mM NaSal solution
3.2.1. Flow velocimetry. Having established confidence in the
symmetry, stability and accuracy (compared with numerical
predictions) of the stagnation point flow field with a Newtonian
fluid in the cross-slot geometry, we proceed to use m-PIV to
quantify the flow field for the 100 mM CPyCl/60 mM NaSal
wormlike micellar test solution.
Transition from symmetric to steady asymmetric flow. In Fig. 7
we present the PIV vector velocity fields obtained with the
CPyCl/NaSal solution over a range of volumetric flow rates 0.8
mLmin1#Q# 2 mLmin1. At the lowest flow rate (Fig. 7a,Q¼
0.8 mL min1, _3nom ¼ 0.32 s1, Wi ¼ 0.8) the flow field appears
essentially Newtonian-like, with a high degree of symmetry
about a centrally located, circular stagnation point (see also the
streakline imaging presented inMovie SI1† in the Supplementary
Information). On increasing the flow rate to Q ¼ 1.2 mL min1
(_3nom ¼ 0.48 s1, Wi ¼ 1.2, Fig. 7b) the contour plot of the
velocity magnitude near the stagnation point takes on an ellip-
tical shape with the major and minor axes oriented at approxi-
mately 45 to the outflow direction. In Fig. 7c (Q ¼ 1.6 mL
min1, _3nom ¼ 0.64 s1, Wi ¼ 1.6) the elliptical shape of the
stagnation point has become accentuated and it is clear that the
flow has become asymmetric, with a significant fraction of the
fluid entering from the top/bottom channels being directed
preferentially towards the right/left exit channels, respectively
(note that the velocity vectors along the horizontal centre-line,
y ¼ 0, are no longer horizontal). This is equivalent to the flow
bifurcation observed by Pathak and Hudson in wormlike
micellar solutions.23 At these flow rates, the flow remains steady
and the flow asymmetry can occur in either direction with respect
to the x,y axes, and thus appears qualitatively similar to the
supercritical pitchfork bifurcation reported by Arratia et al.42
and modelled by Poole et al.44 and Rocha et al.45 It should be
noted that the bifurcation we report is purely elastic in origin; the
Reynolds number in Fig. 7 isRe < 105. Streakline imaging of the
flow in this steady bifurcated regime is provided in Movie SI2 in
the Supplementary Information.† On further increasing the flow
rate to Q ¼ 2.0 mL min1 (_3nom ¼ 0.8s1, Wi ¼ 2, Fig. 7d) the
asymmetry is complete in the sense that 100% of the flow
entering from the top channel exits via the right channel and
100% of the flow entering from the bottom channel exits via the
left channel (see also the streakline imaging provided in Movie
SI3 in the Supplementary Information†). Such completely
asymmetric flow was not reported in the cross-slot experiments
of Pathak and Hudson23 and, to our knowledge, such a high
degree of flow asymmetry has not been reported previously in
a cross-slot flow. However, this flow is reminiscent of the bistable
microfluidic ‘‘flip-flop’’ reported by Groisman et al.47 with an
elastic, semi-dilute, high molecular weight polyacrylamide solu-
tion. In their case the direction of the bifurcation appeared to be
determined by the presence of an asymmetric vortex in one of the
entry channels, which were fabricated with different dimensions
and geometric configurations. This is not true in the cross-slot; in
our case both opposing entry channels have equal dimensions
Fig. 6 (a) Pressure drop as a function of time for the flow of water
around the corner of the cross-slot in ten increments of 500 mL min1
taken at 4 s intervals. (b) Pressure drop around the corner as a function of
superficial flow velocity, determined from data such as (a). Inset shows
a linear relationship between wall stress and shear rate, from which the
viscosity of water can be estimated at hSz 0.9 mPa s at 22  1 C, close
to the expected value.
This journal is ª The Royal Society of Chemistry 2011 Soft Matter
D
ow
nl
oa
de
d 
by
 M
as
sa
ch
us
et
ts 
In
sti
tu
te
 o
f T
ec
hn
ol
og
y 
on
 3
1 
O
ct
ob
er
 2
01
1
Pu
bl
ish
ed
 o
n 
31
 O
ct
ob
er
 2
01
1 
on
 h
ttp
://
pu
bs
.rs
c.
or
g 
| do
i:1
0.1
039
/C1
SM
064
94K
View Online
and the flow is fully developed by the time fluid elements reach
the stagnation point region. In the cross-slot geometry we
observe symmetry-breaking flow bifurcations in either direction
at random, which are determined by random perturbations as the
flow develops from start-up.
When the flow is symmetric, i.e. below Wi z 1, velocity
profiles taken across the inlet and outlet channels show
a progression towards a more plug-like flow as the flow rate is
increased, see Fig. 8a. The experimental data compare well with
the predictions of the Carreau–Yasuda model (eqn (3)), as shown
by the solid lines, assuming fully developed 2D flow. The data
can also be fitted with an ad-hoc power-law model of the form:
nx;y ¼

2nþ 1
nþ 1



1 jy; xjðnþ1Þ=n

(14)
where the first argument refers to the inflow and the second
argument refers to the outflow profile. The power-law exponent n
varies with Weissenberg number and reflects the level of shear-
thinning in the fluid rheology. Such profiles are valid for power-
law fluids in fully developed 2D flow, a reasonable approxima-
tion given the large aspect ratio of the channel and the fact that
under fully-developed flow conditions only the viscous shear
rheology is important, assuming normal stress effects are small.
At very low volumetric flow rates, e.g. 0.3 mL min1, the velocity
profile across the channel is essentially Newtonian-like
and parabolic with a power-law exponent, n close to unity. Here
_3nom ¼ 0.12 s1, _g ¼ 0.24 s1, which is very close to the
commencement of the stress plateau on the flow curve in Fig. 3a.
However, with increasing flow rate (Q ¼ 0.9 mL min1, _3nom ¼
0.36 s1, _g ¼ 0.72 s1,Wi ¼ 0.9) the value of n reduces to nz 0.1
and the flow profile becomes plug-like. High shear rate regions
are localized close to the channel walls and a broad region with
low shear rate fills the mid-section of the channel. Mair and
Callaghan were the first to report that for pipe flow of a shear
banding CPyCl/NaSal solution the flow profile across the
channel transitioned from Poiseuille-like to plug-like at shear
rates corresponding to the onset of stress plateau region of the
flow curve.81 Such behaviour has been confirmed recently in
several studies of shear banding micellar fluids in rectilinear
microchannels.55,82,83 Since the shear localization observed within
the channel is closely related to the phenomenon of shear
banding, for simplicity we will refer to it as such in the remainder
of this article.
As was the case for the Newtonian fluid considered earlier, in
the symmetric flow regime velocity profiles taken along the
outflow axis (i.e. vx vs. x along y ¼ 0) can be used to estimate the
actual value of the strain rate near the stagnation point in the
CPyCl/NaSal test fluid. Examples of such profiles for various
flow rates within the symmetric regime are shown in Fig. 8b,
compared with the predictions of the Carreau–Yasuda model
(eqn (3)). The inset of Fig. 8b shows linear regressions to the
experimentally measured velocity between points approximately
50 mm either side of the stagnation point. The gradients of these
approximately linear sections provide an experimental measure
of the strain rate near the stagnation point, which is shown for all
the tested flow rates in Fig. 8c. For comparison, Fig. 8c also
Fig. 7 Velocity field in the vicinity of the stagnation point for 100 mM CPyCl/60 mMNaSal in cross-slot flow: (a) Q ¼ 0.8 mL min1,Wi ¼ 0.8 (b) Q ¼
1.2 mLmin1,Wi¼ 1.2 (c)Q¼ 1.6 mLmin1,Wi¼ 1.6 (d)Q¼ 2.0 mLmin1,Wi¼ 2. The Reynolds numberRe < 105 in all four cases. Colour scale bars
represent the velocity magnitude and are in ms1.
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shows the strain rate measured and computed for water in the
cross-slot and the numerically predicted evolution in the strain
rate at the stagnation point for the Carreau–Yasuda fluid. The
measured strain rates for the CPyCl/NaSal solution at each flow
rate lie between the expected nominal value, _3nom given by eqn (1)
and the values expected for a viscous Newtonian fluid. At very
low flow rates the measured strain rate in the CPyCl/NaSal
solution is close to that of the Newtonian fluid, however as the
flow rate increases, the measured strain rate near the stagnation
point increases more slowly with Q and approaches the nominal
value. This is due to the development of increasingly plug-like
flow characteristics in the channel, in agreement with the defi-
nition of _3nom in eqn (1), which assumes a perfect plug flow. At
low strain rates, the Carreau–Yasuda model describes the
experimental data reasonably well, closely following the New-
tonian value. However at higher flow rates the Carreau–Yasuda
model significantly over-predicts the strain rate. This is evident in
Fig. 8b where, between the channel entrances (0.1 mm # x #
0.1 mm), the gradient of the Carreau–Yasuda model prediction
becomes much steeper than the measured velocity profile as the
flow rate increases.
In the bifurcated flow regime we have quantified the degree of
flow asymmetry using an asymmetry parameter (DQ), defined
similarly to previous authors,44,45 except that we take the absolute
value so that more experimental data can be averaged:
DQ ¼
				Q1 Q2Q1 þQ2
				 (15)
where Q1 describes the amount of fluid that enters/exits via one
entry/exit channel and Q2 describes the amount that enters/exits
via the opposite channel. For completely symmetric flow DQ ¼
0 and for completely asymmetric flowDQ¼ 1. Since the flow has
been shown to become increasingly plug-like, the values of Q1
and Q2 can be estimated simply by measuring the separation of
streamlines within the entry and exit channels, as shown in the
example in Fig. 9a. From each image at each flow rate, four
values of Q1 and Q2 are obtained (one in each channel) allowing
calculation of an average and standard deviation for DQ. The
evolution in this asymmetry parameter, DQ, as a function ofWi
is shown in Fig. 9b, where the data points are the combined
averages and standard deviations over three m-PIV data sets. We
find that the bifurcation commences at around Wicrit z 1 and
increases rapidly up to full asymmetry at around Wi ¼ 1.8. In
contrast, the bifurcation in the work of Pathak and Hudson
commenced at Wicrit z 2, and developed very gradually with
increasingWi. The reason for this difference is likely to originate
from differences in the flow geometry. The cross-slot of Pathak
and Hudson had a larger characteristic dimension (w ¼ 1 mm)
compared with ours (w ¼ 0.2 mm). The larger inertial contri-
butions to the flow in their case may have suppressed the onset of
the bifurcation.28,44 3D effects may also play a role; the geometry
of Pathak and Hudson was significantly shallower (aspect ratio
a ¼ d/w ¼ 0.53) than ours (a ¼ 5.25).
In our work the onset of the flow bifurcation at Wicrit z 1
corresponds to a shear rate in the channel of _gcritz 0.8 s
1, which is
soon after the onset of the stress plateau in the flow curve and close
Fig. 8 (a) Velocity profiles across inlet and outlet channels of the cross-
slot for flow of 100mMCPyCl/60mMNaSal at various values ofQ in the
symmetric flow regime. Solid lines show the predictions of the Carreau–
Yasuda model. (b) Velocity as a function of position along outflow
symmetry axis (y ¼ 0 mm) for a range of Q values, where the solid lines
show the predictions of the Carreau–Yasuda model. (Inset shows linear
fits to the experimental data between x  0.05 mm, from which the
strain rate is determined). (c) Strain rate as a function of the nominal
strain rate for 100 mM CPyCl/60 mM NaSal in cross-slot flow.
Fig. 9 (a) Experimentally determined streamlines for flow of 100 mM
CPyCl/60 mM NaSal in the cross-slot during steady asymmetric flow at
Q¼ 1.5 mL min1 (Re < 105,Wi¼ 1.5), in this instance corresponding to
an asymmetry parameter of DQ ¼ |(Q1  Q2)/(Q1 + Q2)| z 0.25. (b)
Evolution in the symmetry parameter as a function of Wi, calculated
from data such as shown in (a).
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to the development of the shear banded flow profile across the inlet/
outlet channels of the cross-slot, see Fig. 8a. However, we should be
clear that we do not attribute the bifurcation to the onset of shear
banding, since similar-looking phenomena have been reported in
non-shear banding fluids.23,42,44,45 Rather we suggest that shear
banding in the CPyCl solution (specifically the shape of the flow
curve shown in Fig. 3b) results in the bifurcation that we observe
assuming its unusual functional form. Shear localization at the
sharp re-entrant corners of the cross-slot device is likely to make an
important contribution to this, which will be discussed and become
clear in the following sections. Reports of bifurcations in cross-slot
flow with constant-viscosity polymer solutions have shown
a square-root dependency on the flow strength, consistent with
classical bifurcation theory for viscous fluids.42,44,45 However, our
measurements follow a different trend. Pathak and Hudson23
found a square-root dependency for the cross-slot flow bifurcation
of a non-shear banding viscoelastic CTAB/NaSal solution,55
however they also note that the corresponding bifurcation in the
shear banding CPyCl/NaSal solution follows a different scaling for
reasons that they do not try to explain. Recent microfluidic
measurements in rectilinear shearing flows certainly show that the
stress-plateau and shear banding behaviour is much more
pronounced in the CPyCl/NaSal fluid than in CTAB/NaSal.55 We
speculate that the different scaling with (WiWicrit) arises from an
interplay between extensional strain-hardening in the fluid near the
stagnation point and shear banding/localization in the upstream
and downstreammicrochannels and around the re-entrant corners.
The onset of shear banding and the very small increase in the total
system stress associated with changes in the flow rate enhance the
subsequent development of the asymmetry with increasing Wi.
Detailed investigation of this change in the scaling with (Wi 
Wicrit) must await full three-dimensional numerical simulations
with microstructural models that describe the viscoelaticity and
shear banding features of wormlike micellar solutions.
Transition to unsteady flow. The regime of completely asym-
metric flow (DQ ¼ 1) spans at least two decades of volumetric
flow rate, as shown by the m-PIV vector flow field maps pre-
sented in Fig. 10, for flow rates up to Q ¼ 200 mL min1 (Re z
0.025, Wi ¼ 200). Interestingly, in this asymmetric flow regime
we observe the development of stagnant regions, similar to
recirculating lip vortices, near the re-entrant upstream corners
of the cross-slot geometry (note, for example, the top-right and
bottom-left walls of the inlet channels in Fig. 10a–c). Such
viscoelastic secondary flows upstream of a 90 corner were first
reported by Chono and Iemoto84 for the flow of a 1% aqueous
polyacrylamide solution in a macroscale ‘L’-bend, and were
later modelled by the same authors using a White-Metzner
constitutive equation.61,85 More recently, Gulati et al. reported
similar lip vortices in the flow of shear-thinning viscoelastic
semi-dilute poly(ethylene oxide) and DNA solutions around
abrupt 90 bends in microchannels.86,87 However, we are
unaware of any previous reports of such elastic secondary flow
phenomena in micellar fluids. We have briefly investigated the
growth of the lip vortices with Weissenberg number for our
wormlike micellar solution, and we present the results as
Supplementary Information, see Fig. SI1 and also Movie SI4.†
Gulati et al. argue that the lip vortex is generated due to the
curvature of the streamlines around the 90 bend and the elastic
normal stress difference that generates a tension along the
streamline, but that shear-thinning is also required to reduce the
stress gradients near the corner.87
Fig. 10 Fully asymmetric flow in the cross-slot geometry for 100 mM
CPyCl/60 mM NaSal: (a) Q ¼ 50 mL min1, Rez 0.003, (b) Q ¼ 100 mL
min1, Re z 0.01, (c) Q ¼ 200 mL min1, Re z 0.04. Colour scale bars
represent the velocity magnitude and are in ms1.
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In the asymmetric flow regime the flow remains steady; once the
bifurcation has become established to either side of the cross-slot,
the direction of the bifurcation generally does not change, and
remains stable to imposed changes in the flow rate within this
regime.As in the related, but geometrically asymmetric,microfluidic
device of Groisman et al.47 the direction of the bifurcation only flips
if a sufficiently large external perturbation is applied.However, if the
flow rate is stepped down, such that the Weissenberg number
becomesWi < 1, the symmetric flow state is recovered.
If the flow rate is stepped up to Q > 350 mL min1 (Rez 0.07,
Wi ¼ 350) a new elastic instability arises and the flow becomes
dramatically unsteady. Fig. 11 shows two examples of m-PIV
vector flow field maps captured within the unsteady flow regime
at a flow rate of Q ¼ 500 mL min1 (Re z 0.015, Wi ¼ 500).
Streakline imaging of the flow in this unsteady regime is provided
by Movie SI5 in the ESI.† For brief moments the flow field
regains some semblance of symmetry; in Fig. 11a the inlet flow
splits almost evenly into the two opposing outlet channels and we
see a stagnation point located near the centre of the cross.
However, in contrast to the flow field observed in the steady
symmetric flow regime for Wi < 1 (Fig. 7a), here we observe
a clear region of low velocity fluid exiting along the middle of the
outflow channels, with bands of high flow velocity on either side
of the central band. This kind of non-monotonic variation in the
velocity profile is very similar to that resulting from the flow
modification associated with the strong stretching of macro-
molecules in semi-dilute polymer solutions,50 and likely indicates
the near complete orientation and alignment of micelles that pass
close to the stagnation point. In polymer solutions, where such
modified flow fields have been observed under steady conditions,
the alignment of molecules along the stagnation point streamline
(confirmed by flow-induced birefringence measurements) is
accompanied by a large increase in the extensional viscosity of
the fluid.50,52 The modification to the kinematics results from the
very high viscosity of stretched fluid elements located along the
outflow axis acting to retard the flow of neighbouring planes of
fluid, and effectively dividing the exit channels in two. Hence, we
observe what appears to be two adjacent Poiseuille-like flow
profiles across the channel.
In this rapidly time-varying flow regime, the pseudo-
symmetric flow field illustrated by Fig. 11a is short lived and
within a maximum of one or two seconds becomes replaced by
a bifurcated flow field (e.g. Fig. 11b), which can flip from the left
to the right-hand side, briefly passing through the symmetric
state, occasionally maintaining symmetry for a short period of
time (typically < 1 s). Visually, there appears to be no unique
characteristic time scale for these fluctuations; a pseudo-steady
flow could be observed for periods of several seconds (lM), only
to be replaced by periods of rapid fluctuations. In Section 3.2.3
we quantify the temporal structure of the instability using time-
resolved pressure drop measurements.
Finally, we note that the onset of the time-dependent flow
regime in the cross-slot geometry occurs at a shear rate of _g z
280 s1, which is very close to the end of the stress plateau
observed in the steady flow curve. This provides further
corroborating evidence that the region of steady bifurcated flow
is influenced by shear banding in the microchannels.
3.2.2. Flow-induced birefringence observations and measure-
ments. To investigate the role of microstructural orientation of
micelles in the cross-slot instability mechanism, we also made
full-field measurements of the flow induced birefringence in the
micellar solution using an ABRIO imaging system,55,71 see
Section 2.6. In this Section we report the results obtained within
the three flow regimes described previously.
Symmetric flow. Fig. 12 presents the results of full-field bire-
fringence observations made on the 100 mM CPyCl/60 mM
NaSal solution during the regime of stable symmetric flow (Wi <
1). The colour scale represents the retardation, R expressed in
nm, through the micellar solution, which can be converted to
birefringence Dn by dividing by the depth, d, of the cross-slot
flow cell:
R ¼ dDn (16)
Eqn (16) assumes the flow is homogenous through the depth of
the channel in the direction of light propagation, with negligible
effects from the inside surfaces of the glass end walls. This is
likely to be reasonable, since we have shown that the flow
becomes plug-like in the orthogonal narrow direction across the
channel and we assume that a similar profile develops through
the channel depth.
Fig. 11 Representative examples of the velocity field in the cross-slot in the time-dependent flow regime at Q ¼ 500 mL min1, Rez 0.15,Wi ¼ 500 at
two different times (a) and (b). Colour scale bars represent the velocity magnitude and are in ms1.
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At very low flow rates (Q#0.3 mL min1,Wi# 0.3, Fig. 12a-c)
the birefringence increases in a diffuse, approximately circular,
region surrounding the stagnation point. The intensity of the
birefringence near the stagnation point is comparable to that
induced by shear along the channel walls, indicating that
molecular deformation of micelles is relatively low and both
shearing and extensional kinematics are of equal importance in
the cross-slot. When the flow rate is increased to Q ¼ 0.4 mL
min1 (Wi ¼ 0.4, Fig. 12d) a localised region of more intense
birefringence starts to develop near to the stagnation point,
extending towards the exit channels of the cross-slot. As the flow
rate is increased further, beyond Wi z 0.5 (Fig. 12 e–j), the
birefringent strand centred on the stagnation point increases
significantly in length and intensity. Now the stagnation point
birefringence clearly dominates over the shear-induced birefrin-
gence along the channel walls, indicating that the wormlike
micelles are becoming significantly more oriented by the exten-
sional flow field at the stagnation point.
Line profiles taken through the stagnation point along the
inflow direction (x ¼ 0 axis) show the power of the stagnation
point to induce strong micellar alignment by the development of
a cusp in the birefringence for Wi > 0.5 (Fig.13a), as also
reported by Pathak and Hudson.23 Profiles taken through the
birefringent strands along the outflow direction (y ¼ 0 axis) for
Wi > 0.5 are shown in Fig. 13b. With increasing Wi, the bire-
fringence becomes almost constant between the channel
entrances (0.1 mm # x # 0.1 mm, marked by dashed black
lines). However, within the exit channels the birefringence decays
exponentially, as shown by the fitted solid black lines. The
characteristic decay lengths of the fitted curves can be divided by
the known centre-line flow velocity (from m-PIV measurements)
to obtain a measure of the decay time of the birefringence (in the
absence of imposed shearing or extensional velocity gradients) as
material elements are convected along the centreline of the exit
channels. Averaging the values obtained from the four curves in
Fig.13b, we find a mean life time for the birefringence of s ¼ 2.6
 0.2 s, close to the values of lM and lCaBER, as expected.
Themagnitude of the birefringence (measured at the stagnation
point) increases in a sigmoidal fashion with Wi (and _3nom) in the
symmetric flow regime, as shown in Fig.13c. The birefringence
plateaus at a value of Dn z 2  105 at Wi z 1.2. While this
value agrees well with that reported by Pathak and Hudson at
equal Wi, the birefringence that they measured increased to
a significantly higher plateau value ofDnz6 105 atWiz 3.
In our experiment, the bifurcation to a steady asymmetric flow
commences before such a high Weissenberg number can be
attained. Fig.13c also shows the stress at the stagnation point as
a function ofWi and _3nom, determined using the SOR (eqn (4)). In
Fig. 13d, this data has been used to compute an apparent exten-
sional viscosity (hE,app) and is shown alongside the shear viscosity
(h( _g)) obtained from the AR-G2 cone-and-plate rheometer. The
inset in Fig. 13d shows that the Trouton ratio (Tr ¼ hE,app/h),
which increasesmonotonicallywithWiup to a value ofTrz 30, is
of similar order to the value obtained by CaBER (see Fig. 4b).
Steady bifurcated flow. Fig. 14 shows the evolution of the
birefringent strand as the flow rate is increased into the steady
bifurcated flow regime. Paralleling the kinematic measurements
made using m-PIV, as the flow rate is increased the orientation
of the birefringent strand rotates by ever-increasing
degrees (Fig. 14a–i). Eventually, the completely asymmetric
state (DQ ¼ 1) is achieved at a flow rate of Q ¼ 2 mL min1
(Wi ¼ 2, Fig. 14j). The onset of the fully asymmetric state is
marked by a narrow and weaker birefringent strand located
between diagonally opposed corners of the cross-slot and
a significant drop in the magnitude of the birefringence, due to
the complete loss of the elongational flow near the stagnation
point. The birefringence in Fig. 14j is induced solely by the
shear stress generated along the dividing streamline as fluid
Fig. 12 Flow induced optical retardation, R(x,y) for 100 mM CPyCl/60
mMNaSal in the cross-slot: (a)Q¼ 0.1 mLmin1,Wi¼ 0.1, (b)Q¼ 0.2 mL
min1,Wi¼ 0.2, (c)Q¼ 0.3mLmin1,Wi¼ 0.3, (d)Q¼ 0.4mLmin1,Wi¼
0.4, (e)Q¼ 0.5 mLmin1,Wi¼ 0.5, (f)Q¼ 0.6 mLmin1,Wi¼ 0.6, (g)Q¼
0.7 mL min1, Wi ¼ 0.7, (h) Q ¼ 0.8 mL min1, Wi ¼ 0.8, (i) Q ¼ 0.9 mL
min1,Wi¼ 0.9, (j)Q¼ 1.0 mLmin1,Wi¼ 1.0. The Reynolds number in
all Figures is Re < 105. The colour scale represents optical retardation in
the range 0–10 nm in Fig. (a)–(e) and 0–20 nm in Fig. (f) to (j).
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flowing around opposing corners of the cross is forced to
squeeze through the narrower flow cross-section.
Further increasing the flow rate within the steady fully-bifur-
cated flow regime increases the shear rate and shear stress on the
diagonal birefringent strand and at the channel walls, resulting
in an increased birefringence signal, as shown in Fig. 15a–c. At
Q ¼ 20 mL min1 (Fig. 15c) we begin to observe a manifestation
of the lip vortex observed in the m-PIV measurements made
within this flow regime (see Fig.10 and Supporting Information).
Note how the birefringence along the top-left and bottom-right
inlet channel walls detaches prior to the re-entrant corner. As the
flow rate is increased further (Fig. 15d–f) the re-entrant lip vortex
grows upstream to such an extent that the attachment point
extends beyond the field of view. Also, the diagonal birefringent
strand is superseded by a progressive transition to a state in
which the fluid is highly birefringent and aligned across a signif-
icant portion of both the inlet and outlet channels, e.g. Fig. 15e–f.
This transition occurs at channel shear rates of _gz 80s1, closely
corresponding to the start of the upturn in the steady flow curve,
i.e. close to the end of the stress plateau (see Fig. 3b). It appears
that this state may be the channel-flow equivalent to the
formation of a single high-shear-rate band as observed in Cou-
ette and cone-and-plate flows. At this point the micellar fluid
behaves as a flow-aligned viscoelastic polymer solution with
streamlines that curve around the re-entrant corners of the
geometry. It has recently been demonstrated in Taylor–Couette
flow of a shear banding micellar solution that such conditions of
high micelle alignment and streamline curvature can give rise to
time-dependent purely elastic instabilities.88 Note that at these
high flow rates (Q $ 100 mL min1) the flow in the cross-slot
starts to become slightly erratic, which accounts for the slightly
streaky appearance of the images.
Unsteady, time-dependent flow. Fig. 16 shows a series of bire-
fringence images captured sequentially at 5 s intervals with
a fixed volume flow rate of Q ¼ 350 mL min1 (Re z 0.07,
Wi ¼ 350). In this unsteady flow regime, quantitative birefrin-
gence measurements are difficult to obtain because of the spatio-
temporal fluctuations in the magnitude of the flow birefringence
and the time-averaging associated with the need to analyze five
consecutive frames.55,71 Instead we present individual grey-scale
images of the retardation, which can be captured more rapidly
with less time-averaging, and clearly show the time-dependent
nature of the flow. In all of the images we observe that the inlet
and outlet channels are essentially filled with birefringent fluid,
however close to each inlet channel entrance is a dark, roughly
triangular ‘‘void’’, where the birefringence is low. The two voids
are separated by the central birefringent region. The voids
oscillate from side to side with the changes in direction of the
bifurcation (compare e.g. Fig. 16d and Fig. 16f). Occasionally
a near symmetric configuration is briefly established, e.g.
Fig. 16e, Fig. 16i. These observations closely mirror the m-PIV
measurements presented in Fig.11, except that the local void
regions in the birefringence (corresponding to regions of very low
molecular deformation) can not be observed in the kinematic
data.
3.2.3. Pressure drop and extensional viscometry. In addition
to local measurements of the kinematics and optical anisotropy,
we also made measurements of the integrated pressure drop
Fig. 13 (a) Profiles across birefringent bands along the inflow axis (x¼ 0 mm) for various flow rates in the symmetric flow regime. (b) Profiles along the
lengths of the birefringent bands (y ¼ 0 mm). Along the outflow axis, within the exit channels (marked by dashed lines), the birefringence decays
exponentially, as shown by the fitted solid lines. (c) Measured peak birefringence (Dn) and principal stress difference (Ds) as a function of the nominal
strain rate, _3nom, and Weissenberg number,Wi. (d) Shear viscosity and apparent extensional viscosity as a function of _3nom and, inset, the dimensionless
Trouton ratio as a function of Wi; the Trouton ratio of 4 marks that expected for a Newtonian fluid in a planar extensional flow.
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associated with the viscoelastic flow through the cross-slot
geometry. The pressure drop measured as a function of flow rate
is shown for a typical experiment with the CPyCl/NaSal solution
in Fig.17a. Under conditions of symmetric flow, there is
a measurable excess pressure drop (DPexcess) associated with the
extensional component of the flow, i.e. DPtotal > DPshear.
However, this excess pressure drop reduces markedly as the flow
rate increases into the steady bifurcated flow regime. At flow
rates beyond which the bifurcation is complete, i.e. DQ z 1,
there is a significant range of _3nom over which DPexcess is essen-
tially zero. This is consistent with expectations; whenDQz 1 the
total pressure drop (DPtotal) across the cross-slot also corre-
sponds to flow around a single 90 corner of the cross, equivalent
to DPshear. As the flow rate increases further and we approach the
time-dependent region, once again we begin to measure a non-
zero excess pressure associated with the strongly flow-aligned
viscoelastic state.
In Fig. 17b we use the excess pressure drop within the
symmetric flow regime to compute an apparent extensional
viscosity (hE,app) according to eqn (10). The data presented is the
average of three separate measurements and the error bars
represent the standard deviation. Also shown on Fig. 17b is the
shear viscosity, h( _g), obtained from the AR-G2 cone-and-plate
rheometer. The resulting Trouton ratio measured as a function of
Weissenberg number is shown in Fig. 17c. The magnitude of the
Trouton ratio that we measure from the pressure drop data in the
symmetric flow regime is fairly modest, as also reported by
previous authors for stagnation point flows of similar fluids.23,33
This is in contrast to filament stretching and capillary breakup
(CaBER) experiments, in which Trouton ratios TrO(100) have
been reported.63,89 Indeed earlier we measured a Trouton ratio of
up to approximately 40 for our own test fluid using the CaBER
device (Fig. 4b) and up to around 30 using the stress-optical rule
(SOR) and measurements of birefringence in the cross-slot. The
form of the curve in Fig. 17c is also strange; broadly we observe
Fig. 14 Flow induced optical retardation for 100 mM CPyCl/60 mM
NaSal in the cross-slot following the onset of steady asymmetric flow: (a)
Q ¼ 1.1 mL min1,Wi ¼ 1.1, (b) Q ¼ 1.2 mL min1,Wi ¼ 1.2, (c) Q ¼ 1.3
mLmin1,Wi¼ 1.3, (d)Q¼ 1.4 mLmin1,Wi¼ 1.4, (e)Q¼ 1.5 mLmin1,
Wi¼ 1.5, (f)Q¼ 1.6 mLmin1,Wi¼ 1.6, (g)Q¼ 1.7 mLmin1,Wi¼ 1.7,
(h)Q¼ 1.8 mLmin1,Wi¼ 1.8, (i)Q¼ 1.9 mLmin1,Wi¼ 1.9, (j)Q¼ 2.0
mLmin1,Wi¼ 2.0. The Reynolds number in all Figures isRe < 105. The
colour scale represents optical retardation in the range 0–30 nm in all
images.
Fig. 15 Flow induced retardation for 100 mM CPyCl/60 mM
NaSal in the cross-slot following the onset of time-dependent 3D flow:
(a) Q ¼ 5 mL min1, Rez 2  105, (b) Q ¼ 10 mL min1, Rez 7  105,
(c)Q¼ 20 mLmin1,Rez 3 104, (d)Q¼ 50 mLmin1,Rez 0.002, (e)
Q ¼ 100 mL min1, Rez 0.006, (f) Q ¼ 200 mL min1, Rez 0.025. The
colour scale represents optical retardation of 0–50 nm in Fig. (a)–(c) and
0–80 nm in Fig. (d)–(f).
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an initial increase in Tr at low Wi followed by a gradual reduc-
tion in Tr for Wi > 0.4. These differences between hE,app deter-
mined from the birefringence data and the pressure drop data are
most likely due to the fact that the pressure drop is a bulk,
integrated measurement that reflects the contributions of all the
material elements flowing through the cross-slot. On the other
hand, the birefringence measurement allows a direct local eval-
uation of the extensional stress difference near the stagnation
point using the SOR (eqn (4)). In such a strongly shear-thinning
and shear banding fluid it is likely that the shear contributions to
the pressure drop will vary greatly depending on the flow
configuration, i.e. between the two bounding values of DPshear
and DPtotal evaluated in eqn (10). Deconvoluting the shear and
extensional contributions using eqn (10) may thus be ill-posed,
leading to the limited utility of such bulk measurements in
probing the elongational properties of these extremely shear-
thinning micellar fluids.
Naturally, in the bifurcated flow regime, when the excess
pressure approaches zero the extensional viscosity and Trouton
ratio would also become immeasurably small, which is what we
observe for Newtonian fluids in our cross-slot. However, in this
limit, the definition in eqn (10) is entirely meaningless and
provides no description of the extensional properties of the fluid
since, when the flow is fully bifurcated, there is no well-defined
extensional component in the flow field. Similar behaviour was
reported for a variety of wormlike micelle-forming surfactant
Fig. 16 (a)–(j) Flow induced retardation imaged through crossed
polarizers for 100 mM CPyCl/60 mMNaSal in the cross-slot in the time-
dependent flow regime at Q ¼ 350 mL min1 (Re z 0.07, Wi ¼ 350).
Successive images were captured at intervals of 5 s. The cross-slot walls
have been drawn in for clarity.
Fig. 17 (a) Typical evolution of the pressure drop measured across the
cross-slot as a function of the superficial flow velocity for 100 mMCPyCl/
60 mM NaSal. The solid red line is a power-law fit to DPshear with an
exponent of nz 0.56 (b) Steady shear and apparent extensional viscosity
as a function of strain rate; the shear viscosity was determined using cone-
and-plate rheometry and is fitted with a power-law (solid red line). (c)
Trouton ratio as a function of Wi, determined from (b).
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solutions in opposed jet rheometers.31–33Walker et al.33 explained
this reduction in Tr as being due to either breaking or slipping of
aligned micelles or to a loss of the stagnation point between the
jets. However, they were not able to perform local visualization
of the flow kinematics to confirm this. It appears clear from our
experiment that the reduction in the excess pressure drop and
hence in hE,app (and Tr) is chiefly due to the flow bifurcation and
eventual loss of the stagnation point when complete flow asym-
metry is realized. We note also that the birefringence essentially
saturates in the bifurcated regime and drops significantly when
the flow becomes fully asymmetric (Fig. 14), which is consistent
with a reduction in the micellar strain and elongational stress.
The reduction in both DPexcess and Dn within the steady flow
bifurcation regime indicates that the driving mechanisms may be
energy minimization and the resistance of micelles to orient,
due to entropic considerations. It appears that by bifurcating at
Wi > 1, a given volume flow rate can be maintained for both
lower pressure and lower micellar alignment than if the flow
remained symmetric. Therefore our experimental results with
wormlike micellar solutions appear to demonstrate a similar
bifurcation mechanism to that proposed by Rocha et al.45 from
simulations with FENE models. However, the reason for the
criticalWi for the bifurcation is not the overcoming of an energy
barrier, since also in agreement with their work,45 we find the
symmetric flow state is recovered ifWi is reduced to less than the
critical value (Wicritz 1, in our case), suggesting that forWi < 1
symmetric flow is the lowest energy state. For our micellar test
fluid the highly localized shear at the channel walls and corners
provides a ‘‘self-lubricating’’ effect, hence causing the bifurcation
to develop more rapidly than it would in a less shear-thinning
fluid. This perhaps explains the unusual functional form of the
bifurcation scaling in this system.
Fig. 18a shows the total pressure drop measured as a function
of time as the flow rate is increased incrementally from the steady
bifurcated to the time-dependent flow regime. In the steady
bifurcated regime (Q < 300 mL min1) the pressure drop quickly
reaches a smooth plateau value after a flow rate is imposed.
However, at flow rates in the time-dependent flow regime (Q >
300 mL min1) the total pressure drop fluctuates erratically,
reflecting the unsteady nature of the flow. The Fourier transform
of the enlarged portion of the pressure drop measured at Q ¼
500 mL min1 (Fig. 18a inset) is inversely proportional to
frequency (Fig. 18b), indicating that pressure fluctuations are
aperiodic. Aperiodic time-dependent flow of wormlike micellar
solutions has been reported previously23,90 and hints that the flow
in this regime may be chaotic, although the sensitivity to initial
conditions required to confirm this is hard to demonstrate for
flow in the cross-slot.
4. Conclusions
We have used a microfluidic cross-slot device to test the response
of a well-characterized model entangled wormlike micellar
solution to a well-defined stagnation point extensional flow field.
We find that for low flow rates such that Wi < 1, the flow field
remains symmetric, and an excess pressure drop can be measured
from which a bulk measure of the apparent extensional viscosity
can be estimated. This low Wi symmetric flow regime is accom-
panied by the growth of a slender birefringent strand centred
along the stagnation point streamline of the exit channel.
Measurements of the birefringence near the stagnation point
allow a second, local, estimate of the apparent extensional
viscosity to be obtained using the stress-optical rule. As the
Weissenberg number is increased beyond Wiz 1, the flow field
bifurcates and becomes asymmetric, an effect which is clearly
demonstrated by the rotation of the birefringent strand (either
clockwise or anticlockwise) about the stagnation point. This
bifurcation is purely elastic in origin since the Reynolds number
at its onset is vanishingly small (Rez 106). Our results suggest
the flow bifurcation is driven by energy minimization consider-
ations; forWi > 1 the bifurcation allows an imposed volume flow
rate to be maintained for a reduced excess pressure compared
with a steady symmetric extensional flow. The onset of the
bifurcation closely coincides with the development of shear
bands in the channels of the cross-slot and we speculate that
interaction between strong strain-hardening near the stagnation
point and strong shear thinning in the inlet/outlet channels and
around the sharp re-entrant corners may be the cause of the
unusual form of the bifurcation scaling with (Wi  Wicrit).
Within the bifurcated flow regime, the excess pressure drop
progressively reduces, eventually reaching zero atWiz 2, when
the flow becomes fully asymmetric. To our knowledge such
a high degree of flow asymmetry (DQ z 1) has not been previ-
ously reported in an experimental study in the cross-slot
Fig. 18 (a) Pressure drop as a function of time as the flow rate is
incremented through the steady bifurcated regime to the time-dependent
flow regimes, resulting in rapid fluctuations in the pressure for flow rates
greater than Q ¼ 300 mL min1 (inset shows detail of fluctuation at Q ¼
500 mL min1). (b) The Fourier transform of the pressure trace at Q ¼
500 mL min1 shows a broad power law regime inversely proportional to
the frequency, indicating random fluctuations.
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geometry. Full asymmetry of the flow field is maintained over
more than two decades in flow rate (closely corresponding to the
range of deformation rates that define the width of the shear-
stress plateau in steady shear flow), up toWiz 350, after which
the flow becomes time dependent. In the time-dependent flow
regime, rapid fluctuations in the birefringent signal and flow field
are accompanied by fluctuations in the bulk pressure drop across
the cross-slot, which we find are aperiodic, suggesting the flow
may be chaotic in this regime. Our observations of upstream lip
vortex development in the inlet channels (the first such report for
micellar solutions) suggest that a combination of flow-induced
micellar alignment and streamline curvature may drive the onset
of the time-dependent instability.
The rapid temporal fluctuations and mixed kinematics that
result from these purely elastic instabilities have potential
applications in low Re mixing and as bistable switches in
microfluidic devices. However, in many cases, such as lab-on-a-
chip diagnostics or jetting applications they are often to be
avoided. In the future, it may be possible to obtain the required
fluid dynamics for a given application (e.g. stable flow at high
rates, or a certain desired periodicity for the instability) by
carefully tuning the fluid formulation (e.g. solvent viscosity,
micelle length/concentration and elasticity) and flow rates. It is
also well-known that streamline curvature plays an important
role in the development of elastic flow instabilities. This suggests
that careful design of the local geometric features of the re-
entrant corners may provide additional leverage for the
controlled manipulation of elastic instabilities in extensional
flows in these kinds of complex fluids. We note that since we have
employed a canonical entangled micellar fluid with simple and
well-characterized rheology, our results of kinematics, flow-
induced birefringence and integrated pressure drop should serve
as a benchmark data set for comparison with 2D and 3D simu-
lations based on appropriate viscoelastic constitutive models.
This will permit a significantly enhanced understanding of the
mechanisms underlying both the bifurcation from steady 2D
symmetric flow to steady asymmetric flow and the onset of time
dependence. This is currently under investigation and is expected
to be the subject of a future publication.
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